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SINGLE PARAMETER

TESTING
NN\

/\
N \\j "There is a better way to
conduct testing"

SUMMARY: This report gives the first phase results obtained on
NAS8-11715 contract, in the area of single parameter testing.
The main objective of the study is to put into operation better
ways of testing transfer functions. The expected savings are
faster checkout time, better accuracy, and less degradation of

performance due to the testing.

The result of the first phase study is - YES! We can test linear
passive first and second order transfer functions. The savings
are faster checkout time, faster isolation of failures, and less

degradation of performance due to testing.

The technical areas investigated have resulted in two techniques,
which are directly applicable to the solution of single parameter
testing of linear passive networks. These techniques are:

1. Growing exponentials as a probing signal for
parameter testing.

2. Optimization of feedback control for system testing.

-1-
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Each of the preceding areas have their advantages. Growing ex-
ponentials have the advantage of being able to measure many
parameters (4 have been measured successfully, an upper limit
has not been established) with one probing signal. Feedback
control has the advantage of possibly less testing equipment,
with measurement of the combined effects of many parameters (2
parameter effects have been observed, an upper limit has not

been established).

What areas require more investigation? The growing exponential

technique needs to be extended to third order systems.

The optimization feedback technique needs to be investigated in

more detail, so as to establish its limitations.

The area of testing active networks needs to be investigated,

50 as to provide techniques in this area.

Where are we going? The next phase will be to investigate the
areas of active networks. This area was chosen so that in the
third phase of the study, practical application of testing a

particular real system will be accomplished. The other estab-
lished applicable techniques which will be extended within the

time and money available.



SECTION 1

INTRODUCTION

The single parameter testing program was established to perform
mathematical analysis on typical systems of varying complexity.
The program will verify the applicability of single parameter

testing to launch vehicle system checkout.

The general technical approach of the study was limited to systems
or devices for which continuous transfer functions can be written
and restricted to their linear regions. Primary emphasis was dir-
ected on the identification of changes in the terms which compose

the transfer function.

The approach used was to:

1. Describe transfer functions and study the changes in
behavior with incremental changes in its parameter,
i.e., terms.

2. For each transfer function, investigate the measur-
ability of performance degradation due to changes in
the transfer function. One output of this task will
be determining the feasibility of GO, NO-GO, decisions
based on parameter testing,

3. Investigate possible theories of measuring single para-
meters to accomplish the measurement of incremental
changes, and performance degradation due to transfer

function changes.
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The study is divided into three specific tasks:

Phase A: Simple first, second, and third order linear
passive networks whose transfer functions resemble those
of useful systems, were to be selected for detailed in-
vestigation., The results will be used to extend the test-

ing to higher order systems.

Phase B: The investigation and selection of criteria
described in Phase A. This is to include the linear

active networks.

Phase C: With the guidance and approval of the NASA
technical representative, an actual subsystem will be
chosen for analysis. The transfer function will be de-
rived, and the techniques developed in Phase A and B are

to be applied to the subsystem.
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SECTION 2

THEORIES INVESTIGATED

The application of various theories were investigated. These

areas are listed below with reason for discarding or further

investigation,

THEORY

a. Growing exponentials
as a probing signal
for single parameter
testing.

b. Optimization of feed-
back control for sys-
tem testing.

c. Impulse testing.

d. Correlation testing.

CONCLUS ION

A detailed analysis has led to
the measurement of first and
second order systems. The re-
sults are favorable, and imply
the testing of many parameters
with one probing signal, in a
short period of time,

A preliminary analysis on a

first order system had favorable
results., More investigation is
necessary to establish the limits
of this technique.

Impulse testing was reviewed and

discarded for two reasons:

1. The application of impulse
testing is limited to low
frequency systems, because
the sampling of impulse re-
ponses by computers is limited
by the sampling frequencies.

2. Impulse testing has a degra-
dation effect upon the equip-
ment being tested, because of
the "shock" imposed by the
impulse.

Correlation testing has the same

disadvantages as impulse testing.

l. The application is limited to
low frequency systems, which
can be sampled by computers.

2. The time required for corre-
lation testing is excessive,
a correlation test requires
the time average of two sig-
nals for each data point.
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Network synthesis
using sinusoidal
measurements,

State wvariable esti-
mation (parameters

are considered to be

a state variable and
the state is estimated
by statistical synthe-
sis of noise outputs).

16

At least 10 or more data
points would be necessary

for measuring the correlation
function.

These types of measurements are
characterized by extended periods
of time., The sinusoidal signals
must be varied over a variety of
frequencies to synthesize the net-
work.

This technique requires an exten-
sive amount of sample data, and
analysis time by a computer. The
relationships between the states
are estimated, and may have statis-
tical variations.
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SECTION 3

GROWING EXPONENTIALS

3.1 INTRODUCTION

Growing exponentials appear to have the best liklihood of suc-
cessfully solving the problem of single parameter testing., In
the following pages, the theory will be presented which allows

testing by growing exponentials.

The use Of growing exponentials has been investigated by Huggins,
et al, in such applications as electrocardiography and in iden-
tification of static nonlinear operators, and in system identi-

fication problems.(l_ls)

This method was actively studied in detail with the objective of
applying it generally to transfer functions. The general instru-

mentation scheme for measurement is shown in Figure 3-1.

—

SIGNALS W TRANSFER —» FILTERS
FUNCTION

ESTIMATOR

vy v v

Parameters
of transfer
function.

Figure 3-1

Instrumentation Scheme




In a generalized point of view, the signals are a collection of
vectors in "n" dimensional space. Each of these vectors are

orthogonal, so that each are independent.

If the transfer function can be expanded in terms of orthogonal
linear stationary operators, then the measurement of these oper-
ators can be accomplished by measuring the projections of the

signal vectors on to the linear operator space.

For example, assume that the operator space is as illustrated in

Figure 3-2 B
4
¥ 4
A ) . .
\ , Orthogonalized Portions
\ 7/ of
\lz o g Some Transfer Functions
Figure 3-2

where a and B are two orthogonalized portions of some transfer
function. Also assume that the signals are any orthogonal set
as illustrated by the dashed lines in Figure 3-2. The projections
of these signal vectors on the operator space will, when multi-
plied by scale factors, measure the magnitude of @ and B. Nor-

mally @ and B will be proportional to a change in some parameter.

3.2 ORTHOGONALIZED SIGNALS

To obtain orthogonalized signals, it is sufficient to have the
time average of the interproduct of the signals zero. Let fi(t)

be the iEh signals, then
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+® % _ _
I_ _ fi(t) fj(t) dt = 0 (3-1)

when i # j, otherwise

4+ @ *
j‘_ m fi(t) fi(t) dat = 1 , (3-2)

Now in order to obtain orthogonal signals, exponentials may be
considered. Exponentials have several advantages over other sets
of orthogonal functions. These include relatively short time
bases, and capabilities of being matched to the system to be

tested.

Orthogonalization of the exponentials may be accomplished by the

Kautz method.loThis method allows the approximation of the impulse
response of any network by sums of orthogonalized signals. These
signals, for a transfer function with all real poles and a higher

order denominator than numerator, become:

i(s)=~/—s—§ (s +8;) " (s +5_.)
n nn 1 n-1 (3-3)
(S - Sl) (s - Sn)
where Sn = complex frequency with a negative real part
of the nEh exponential component
Sn = conjugate of Sn
For example, let the transfer function be
H(S) = —— (3-4)
S + Kl



Then the set of orthogonalized exponentials are:

?,(s) = J2K| 1
S+Kl
¢, (s) = Jiﬁ; (s - Kli
(s + Kl)
2
8 _(s) = JIK. (s - K;)
3 1 —3
. (s + Kl)

In the time domain this set of signals are:

- Kt

e 1
fi(t) = szl e

£,(t) = JERI (L+2¢t) e

(3-5)

(3-6)

(3-7)

(3-8)

(3-9)

In the following text we will be concerned with negative time

functions and sampling at time zero. When considering negative

time, the set of orthogonalized components become

8,(s) = 2Ky
—S+K1
5,(8) = V2K
. (- s + Kl)2

-10-
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And in the time domain

K.t

£.(t) = V2K, e 1 for t < 0O (3-12)
K.t

3-13

f2(t) = JZKl e 1 (1 +2t) fort<o ( )

When the transfer function has complex poles, then the ortho-

gonalization takes the form oflo

?ov-1(8) Waa ks - OL1)2 + 512]...Es - o‘\;.1)2 + Bvuj? (s +|s,])
@2 (s) B ES + al)2 + Blz] ES + av_l)2 + 82V_1k5+av)2 + sz]
v ceo

(3-14)
where v = 1, 2 - - - n/2

and the poles are at

e = - (3-15)
S, v JBV and S av + JBV.

The upper (plus) sign pertains to % and

(s).

2v-1

the lower sign pertains to QZV

3.3 ORTHOGONAL SEPARATION OF THE SIGNALS

To separate these orthogonalized signals, we only need to accom-

plish the integral

T s 1 i -
J_m £i(8) £,(8) at = { o 1 (3-16)

Nl
[y

This can be performed by performing the contour integration in

~11-



*

the frequency domain, i.e., Parseval's Theorem for aperiodic

functions,

+® - * oo 3-17
j_ ] fi(t) fj(t) Jc @i (-s) Qj (s) 5%% ( )

* .
Note that Qi (-S) is a real filter which has an impulse response
fi(t) in positive time. The integration in the complex plane is

equivalent to sampling the results at time t = O.

3.4 ORTHOGONALIZED TRANSFER FUNCTION

Consider a system H(S) as a function of its parameter variations
around some specified nominal design values. Then a Taylor's

Series Expansion can be written as:

2
H(S) = H + —§§L§lal + _%gi§la2-+... % 9 H az P
1 2

(3-18)
where HO = the specified nominal system and
g%F82 = H;(s) = first partial derivative of the system

with respect to the iEh parameter,

Thus, for small deviations in the parameters, the actual system

may be decomposed into the sum of the partial systems, Hi(S).

Now, let any transfer function be

N
T “n Sn
H(s) = %%%% = -2=0 where n = 0, 1, 2, 3 and
N
n — —
s 4 8 e, =1, o0rd =1
n=0 (3-19)
~12-~
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To test and determine the transfer function, first the N(S)

and then D(S) is tested by proper control of input signals.

H(S) can be expanded in terms of the Taylor Series Expansion

for small variations in cn and dn as

n n
)
H(S) = H_(s) + N 9H(s) Ac + PN oH A
(o] ac n _ od d
n =20 n n=20 n n

(3-20)

Since H(S) is the summation of the changes in ch and dn' we
can measure first the Acn and theq the Add and combine the ans-
wers to obtain AH(S).

Note also that

n n n
% OH(S) _ £ S (3-21)
n =20 acn n=20 D(s)
n N n N
5 g_glil - 5 :i_Néﬂ = _ s 22 H(S)
n=20 n n=0 [D(s)] n=0"Tn
. (3-22)
Any given %§i§l is orthogonal to any other partial derivative
i
dH(S)
dc .
J
)
Likewise, any given g%1§l is orthogonal to any other partial
i
derivative 3H(S
°od,
J

This property allows independent measurement of the relative mag-

nitude of all the ci's or di's when only the ci's or di's are

-13-
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measured. The absolute magnitude can be determined by noting

the ratio of EQ
d -

o)

3.5 PARAMETER EFFECTS UPON THE MEASURED SIGNALS

Each of the testing signals, when passed through the system will

be filtered by each partial system.

The outputs of these parti-

cular systems are combined and then passed through the output

filters. The process is illustrated in Figure 3-3.

The mathematical description of passing the inputs through the

particular system, filter and estimator will now be given in

detail., This analysis will be general and apply to nEE order

transfer functions.

%
1 O
[F]
aQ Filters
o ] -y
N et | 1 | | e ]
1 H, ¢ 7~ | - -
F47ikd v R
i Lt 1 5 & "% ! $
n |
'
H ’ 1
n Estimator M~
T
Figure 3-3 Sampler
[ ]
Testing Signal Being ]7 !
Processed ao al o‘i an

-14~-
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A representative of the signals appearing at the output of the

Hi(S) component system is

Hy(s) [F] (3-23)
where [F] is a row matrix of the input probing signals.

The output at the first filter is

* (3-24)
¢, (-s) H;(s) [F]

Likewise, the out at the th filter is

= &5 (- 3-25
HJ éj (-38) Hi(s) [F], ( )

which is a row matrix denoted Hj’

The collection of these row matrices denotes a modulation matrix,

H,. H, describes the effects of Hi(S) on the outputs of the filters

under the influence of the input probing signals. The object will
be to sample outputs of these filters at a particular time. These

samples will represent the variation in the parameters tested.

The output of th filter can be obtained at any particular time

by performing the following integration in the complex plane:

ST * das
hp(r) = [ e 0] (-8) Hy(s) & (s) S,

(3-26)

where T is a delay variable.

The reader may recognize this equation as the transform of the

convolution integral, i.e.,

+-co
his() = [ ne) £ - t) at (3-27)

~-15-
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*

j (-s)

where hj(t) is the weighting function of the filter Hi(S) $
. th . .
and fi(t) is the i— input signal.

Letting T = 0; the eguation gives the value of a sample of the

output signal at T = 0. Thus we obtain,

* * ds
hy = .[_m. hy(e) £(t) ac = Je ¥) (-s) H(s) 8 (s) S
(3-28)
These values of hjk (now) represent the results of the input

signal acting on the transfer function Hi(s) and the measuring
*
filter Qj (-s) at the time T = 0. Forming the H, matrix with

these values of h, as the elements, we have:

jk
Kk =
=" ]
hig hy ---  hy
J : (3-29)

Hy = ¢, hyy hyy - - - hy

' X

1 )

[]

hp - =" hin

e -

where each row represents the output of a filter and each
column reflects an input signal.

Now form a column matrix C

-
<

t
: (3-30)
C

Lnd

which represents the magnitude of the probing signal components.

An additional requirement from practical considerations is that

-l16-
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energy be constant, viz,

N
5 (3-31)

fo
N
[

Multiplying the H, matrix by this column matrix [c] will give

a column matrix

M = [ ] [c] (3-32)

which is the representative of the signal appearing at the
output of each filter due to the partial system Hi(s)'
The collection of these columns may be arranged to form a matrix,

M, called the modulation matrix.

M o= [M,, My, - M o.M (3-33)
By arranging the parameter deviations as a column array
Ia -
o
la] = a,
(3-34)
a
b n.

The total system response, G, can be represented as

(el =M . [al =[M]Ja_ +IMla, +. ... (3-35)
The values of a, through a,  can be determined by solving this
matrix equation, i.e.,

‘:M-l] [G] = [A] ’ (3_36)

since [M '] is composed of the input signal magnitude [C], these

magnitudes can be adjusted to maximize the estimate of the

-17~
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parameter when they are subjected to noise.

The minimization of white noise can be accomplished from least-
square statistical theory. The criterion selected for opti-
mization is the minimization of the covariance of the error in
the parameter estimates, as expressed by the minimum variance
estimator

(M M)t
This can be minimized by maximizing the determinate

|Mm = |2 (3-37)

3.6 COMPONENT VAILUES AND TRANSFER FUNCTION PARAMETERS

Testing the transfer function coefficients allows determination
of system parameters, which are important to proper action. Also,
the determination of component values, can be obtained from the
transfer function coefficients., Each of the coefficients are re-
lated by a linear equation to the component values in a circuit,.
For example, take the circuit illustrated in Figure 3-4 and an-

alyze the transfer function in terms of the component values:

T
Figure 3-4 R 1— C R-C Circuit
The transfer function is
H(S) = CO = l/CS = l/c
d4,;5 +d 1 RS + 1/Cc (3-38)
(@] Eg + R

The measurement of the coefficient 4, will determine R, while

1

the measurement of the coefficient do' will determine 1/C.

-18~-
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(3-39)

o Qe

For more complex transfer functions, the same results hold.

Generally,
d =f_ (R, C, L) ang,
n n
(3-40)
c, = f, (R, C, L).

The solution of these equations will determine the component

values of the circuit.

3.7 ILLUSTRATIVE EXAMPLE

The example used to demonstrate the method of growing expo-

nentials, is illustrated in the following circuit diagram.

X

I(s) c -\ G R-C Circuit

Figure 3-5

This circuit has an impedance, Z(s), of

E(S) 1

T(s)y - 2(8) = l+gG5 g = 1 +dls v a_ (3-41)

To test this complex impedance transfer function, first find

the partial derivatives of this transfer function, with respect
to the parameters to be tested. The parameters to be chosen are
the coefficients of the denominator, i.e., C, and G. Let the
nominal values of C and G be unity, the partial systems become

°0z(s) _ -S
oC (s + l)2

(3-42)

-19-~




3Z(s) _ -1 (3-43)

oG (s + 1)2

To explore or test these partial systems, make use of two orthog-
onal probing signals which match the partial system., Notice

that the partial systems are orthogonal and therefore, independent.
The probing signal is determined by using the method described by

Kautz. This example uses the Kautz relation, BEquation 3-3.

The representatives of the backward orthogonal probing signals

in the complex plane are

2,(s) = V2 _S—il (3-44)
_(s) = J2 =5 -1 (3-45)
2 (s 1)

In the time domain these signals are

£,(t) = J2 e for t < O (3-46)

t
e (L +2t), t<o0 (3-47)

I
<
N

£,(t)
The matrix representative on a backward basis of the two component

systems for the two parameter system, is found by applying equation

3-28. Which gives the relationships

-20-




The optimum probing signal components are found by forming the
columns given by equation 3-32

cos Y 2 sin 1 ~ cos ¥
MG H = L (3-49)
T

sin ¥ - sin V¥

- cos V¥
M, = H [c]l = 4 (3-50)

- sin Y

The modulation matrix is formed by the collection of the %1

columns, thus,

~ cos Y 2 sin ¥ - cos Y 1 (3-51)
M = %
. . . 2
- sin Y - sin V¥
The maximum value of the determinate
—_ 3-52
IM MI = |M|2 a sin Y ( )
occurs when
Y = n/2 (3—53)
The optimum probing signal is
/2 (1 +2t) °F for t < O (3-54)
The estimator matrix M"l is
1 2
-1 -2 -4 C (3-55)

-21-




3.8 GENERALIZED SOLUTION OF FIRST ORDER TRANSFER FUNCT IONS

The general first order transfer function is
cl(S) + cg
dl(s) + do

(3-56)

H(s) =

By differentation of this function with respect to the coefficients,

we obtain

a_/a

M) = w (8) = gEEa T T - mswa  (3-57)
dc 1 1 (o) 1 1 o)
3H(S) 1

= H, (s) = et -
dc, o, a;s + dg (3-58)
BH(S) _ g (s) = -8 (38 + ¢)) (3-59)
09, 9 {a;s + d0}2
36(8) = . () = L% (3-60)
3d_ a_ (a5 + a_)2

Two testing exponentials were determined by the Kautz relation.

These became

P S— 1 (3-61)
B8 = JZaa  mrag
)
a_/a

t,(s) = (24 S -0 1 (3-62)

o/d; (-s + do/dl)z

where ¢(S) is the representation of this negative time function

in the frequency domain.

22—
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In the time domain

d

v mttm—————————— O
_ d_d a ¢ (3-63)
fl(t)-Jz orl1 e N for t < o
dO
- . dh t
f2(t) = j 2 do/dl {1 +2t}le 1 for t < O

(3-64)
An approximation to these growing exponentials was found to

operate successfully on the analog computer.

(3-65)
d d
—_— e} 1
N a4 E'[t‘5'<§"] d
fl(t) ~ J 2 o/71 e 1 o} for 0 = t < 5 El
@]

[ da_,a, d EQ [t -5 fl]
f2(t) a:J 2 o/dl [1 + 2 {t -5 E%He 4, d_
' © (3-66)

for 0 £t £5 E;

d
o

The matrix representation of the signals appearing at the filter

outputs of the partial systems are:

[+ 1 1]
H, = 2d, © dy (3-67)
1
1
O - —_——
| 2d; |
+ 1 1]
H = 24 _? 24,
o © (3-68)
1
| 0 * 2 |
23—
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Forming the

result that

cl n
_!ig_z
1
c; 9, +
2
4 dl dO
-
c )}
+!§—O—2
d
o
+ cl dO + Cq dl
2
4 do dl
.

(3-69)

(3-70)

matrix M and maximizing its determinant leads to the

only the second signal fz(t) is required.

cos Y
v :TT/2

sin V¥

The estimators for the parameters <h and dn are

-1

3 .3
-2 4~ q
2 . 2 2 .2
3 do - %o dl
1 2
4d, 4d; 1
6 ) 6
-4d +44
(o)
| 6 ? 3
24—

1
€1 do *tc dl
d 2 da !
4 o 1
c; 95 *cq dl’
2
Ldl do

Ac

Ac

(3-71)

(3-73)

Ad
o
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Normalizing the estimator is accomplished by dividing each row

by the parameter which that row estimates.

(3-74)
1 2 :
- 2
2d, 4 4c, 4, 4, A
_ 1/4d
a, - c_ d .2 a?.c?24qa.2 1
€1 %1 o *1 1 o o 1
-1
Mot =
2a_ d 4c. a. @ 2
- 1 1 71 "o A
T2 ) d5/4
L 1% "% 9 1 % "% 9 °
-
1 2
- .
2 4 24 .
3 ¢ 3 c 1/c
-1
Mt o= ! ! ! (3-75)
2 do + 4 do A
T3 c_ 3 c_ Co/c
= O o 'J (o]

Thus, using this result for estimation and f2(t) as a probing

signal, any first order transfer function can be measured to

Adl Ado Ac
3 g l/cl , and Aco/c with one probing signal.

1 o o

obtain

3.9 EXPERIMENTAT ION

The growing exponential method was thé first technique to be in-
vestigated experimentally. The problems chosen for experimenta-

tion were

1

1 1.58 + 18 (3-76)
CsS + G

H(S) = 28 +.15

and H(S) =

The probing signals for these circuits were generated and supplied

to an analog simulation. Various methods of generating these
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signals were tried, and one proved to be successful., This method
consisted of time shifting the time axis, so that we could gener-

ate the rising exponentials with controlled unstable circuits.

For example, suppose we wished to simulate the signal.
d
a A T () (3-77)
£.(e) = J2 %/ e A for t < O. 3-

First we shifted the time axis by five time constants to obtain,

d
2 (e - 5 %/%) a
a, 4 d 4 1 1
f(t - 5 "1/ 70) = 2 o/71 e for 0 < t <5 g
o
(3-78)

thice that the result is a positive time function. This time
function was then generated on the analog computer. We were
greatly concerned that this approximation would give bad results.
However, it turned out that the results were very good, and the

approximation apparently had very little effect.

In continuing our effort to experimentally test the transfer
function, we constructed two models of the system. One model
represented the normal transfer function. The second model re-
presented the system in which the parameters could be varied.
Then, we simulated the filters, control, and sampling logic.
Figure 3-6 illustrates the simulation set up on the analog
computer. Notice from the figure that the simulation includes

sufficient generality to be applicable to two examples.
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3.9.1 The First Example

The first transfer function,

H(s) = 1 (3-79)

SC + G

was tested. Results of the estimator as a function of time is
given in Figure 3-7, For parameter increments of 3%, i.e.,
3%, 6%, 9%, 12%, 15%, 1.8%, etc. The measurement of the parameters
were taken when the probing signal stopped. Notice that when only
one parameter is varied, the estimate of the other signal is ap-
proximately zero. Notice also that an incremental change in a
parameter results in a similar incremental change in the estimate.
The estimates were good up to approximately a 40% change in the
parameter. After 40%, there was a considerable interaction be-
tween the estimators for C and G. This was not a surprising re-
sult, because our approximation of the transfer function was
based on a Taylor Series Expansion, which is only accurate within

a limited region, when all the higher order terms are neglected.

3.9.1.1 Noise Experiments

After concluding this test and establishing that we could measure
the changes in C and G, we decided a noise analysis was necessary.
The noise analysis was conducted by inserting independent band
limit noise into both the nominal and actual system under test.
We then applied the input signal and observed the results of
measuring a parameter variation of 10% in the capacitor, C.

Signal to noise ratio was measured by the ratio

peak voltage of signal
rms noise voltage

-28-
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From this noise analysis, (Figures 3-8,9,10) it was concluded that
the testing signal should be greater than 26 db in voltage above
the rms noise level of either the nominal or measured system.

With a 26 db voltage ratio the range of indication of C was

10% + 1.5%.

3.9.1.2 Time Varving Parameters

To study the effects of time varying parameters, the capacitance
C was allowed to vary sinusoidally, as

C + AC sin wot.
The radian frequency wo was varied and the indications of AcC
observed. A 10% change in the parameter, C, was allowed, and
the frequency was induced at wo = .25, .5, 1., 2., 3.77, 10 and
100, (Figure 3-11). At w_ = 3.77 the amplitude of C was varied
over the values, 5%, 10%, and 20%, (Figure 3-12). The results
of this study show that in tests of time varying parameters, good
indications can be measured at radian frequency below one half of

the location of the transfer function pole.

3.9.2 The Second Example

The second transfer function was tested by using the general
relationship developed for

c,S + ¢

1 (o) - 1,58 + 15
dls + do S + 1
where
¢y = 1.5 dl =1
c_ = 15 d =1
o o
-30-
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Time varying parameter analysis




(4

The experiment was connected on this transfer function to
establish the measurability of coefficients in the numerator
and denominator. The previous example only measured the effect

of coefficients in the denominator.

Ay
The probing signal was applied and the estimates of co/co,

AC:L/cl and Ado/do, Ad

1/dl were made. The results are given in
Figures 3-13, 3-14. In these figures the outputs of the
estimators are plotted against each other. The time function
was stopped when the input probing signal was shut off. The
lobing on the time traces give the value of a normalized change
in each parameter. Each line on the graph is a 1% change. The
results of the estimation were orthogonal as expected. A per-

centage change in one parameter resulted in an indication of

that parameter and practically no change in the other.
There was a considerable amount of interaction between the indi-
cations of the c's and d's. Notice in Figure 3-15 that a - 10%

variation in co and do resulted in a measurement of

= + .037
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The results of the measurements on ¢ and 4 indicated that the
transfer function was

1.72558 + 14.25 _ 1,578 + 13.0
1.1s + 1.037 S + .94

Thus, there was approximately a

+2% error in measuring <,

+4% error in measuring do and

-4% error in measuring Cqye
The results are favorable and seem to allow decision on a go-no go
basis. If the tolerance limitation can be established on all of

the parameters, then experimental data can be taken to establish

limits on the values of the estimator.

For example, if 10% tolerances are imposed on all the parameters,
then a circle in both plots as illustrated below would separate

a good circuit from a bad circuit.

A A
cl/cl dl/dl

AN =
\JACO/CO \j a/d,

Good/Bad Circuits
Figure 3-16

If an indication was bad from both estimators, the circuit could

be considered bad.

3.10 SECOND ORDER TRANSFER FUNCTIONS

The analysis of a second order transfer function was conducted,

In this analysis the testing of only two parameters were
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investigated to determine applicability of the growing exponential
method. All of the math is included to illustrate the complexity
and length of the method. The second order transfer function

chosen was

_ clS + cO _ S + 5
H(s) = —3 =
ST + dlS + do s™ + 28 + 10

This transfer function can also be written as

c +
lS co

H(s) =
(s + a)?

The partial derivatives of H(S) with respect to the parameters

cl and c, are the component partial systems corresponding to

c5 and Sk
oH  _ S - H_ (s)
9cq (s + a)2 + 82 1
d3H  _ 1 - H_(s)
Bco (s + c‘)2 + BZ 2
) _ n
= -0 - 3 = - i =
From complex poles at s, v JBV and S, vt JBV(V 1,2,ce., 2

the backward time probing signals are found from the Kautz relation,

®ov- 1(5) vaa ks - a ) + B 2] Es - a, l)2 Bv—lZ] (s + |s )

)

S oS LI IL) I PR § Eey

where v =1, 2 - - - n/2.

The upper (plus) sign pertains to QZV 1 and the lower
sign pertains to 3 (s).
—41-
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The probing signals are then

+Na? + 82)

—_— (-S
¢ = /2
1(8) = J2u, (s +a)2 452
and
0, (5) = J2 Yo% +8%) (-s - a)2 + 82

[(-s + a)z + 62]2

The matrix components for the partial systems are

=_l_ j * - ¢
hjk 373 c Qj (-s) Hi(S) k(s) as
The matrix elements for the partial system %g are found as follows:
1

_ 1 f dH
(h = 5= Ql(—S) BT](.'S—l @l(S) ds

ll)cl 27 j Je

I V2o (s +-J 2 + ﬁ;) S J2a (=S +-Va + B )

2

= 2”_]

(s +a) + 82 (s +a)? +8 (-5 + a)2

20 [ s(s® -a? -82) as

2] de [(s +“)2*'32]21f5 T )2 +32]

This integral is evaluated by integrating around the left half-

plane, finding the residues in the left half-plane poles. The

residue in the second-order pole at - a - jB is

R, = lim a_ s(s? -o? - 8%) = -1 _

s— -a-38 I (s+a-38)? [(s-a)?+p? 1602
-42-
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The residue R,, at -@ + jB is the complex con jugate of Rl:

21

- 1
R =
2 leaz
The sum of the residues is - S , and so
8(12
1 1
(hy;), =(-2a)(- — ) = == .
11 cy 8(12 4a
_ 1 I BH§SE
(hiode =375 Je 11(-8) 5¢ 2,(s) as

1

1 r A 20 L§g+Ja2 + 82) S
2M) ¢ (s + a)2 + B2 (s + a)2 + B

J2a (-8 - a)2 + Bz (-s -uJaz + 82
[(— S + a)2 + BZ] 2

_ —2a J s (s +Na? + 22)2 das
c

2] (s + a)2 + B [(s - a)2 + 82 IZ
= 0
. | dH(S
(th)cl =23 Ic 2,(-8) SEé‘l 2) (s) as

1 J J2a_ (541)2
c

23
[(S + a)2 + B

J2o (-5 + a? +82) as
(-s + a)z + 32
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2 _ g2y g

-200 J‘ S(S2 - a

= 0
I j QH(S)
(hzz)cl = 33 Jc ¥ (-8) 3¢, t, () as
= 1 J /28 (s-a)? + 82 (S-\/a?‘ +82) S
2" ¢ [_(S +a)2+82]2 (s +oL)2+B2
v 2a (—S-OL)2+E32 (—s—«/a2+82) as
[(- s +a)® +82]2
= =20 J.“ s(s? -a? -8%) as
2T j c [(s+a)2+82]2 (S—a)2+82
= =31
=hh S @
The matrix elements for % are found in the same way. The re-~
1
sulting matrices are
[ 1
B o=| @ °
€1
1
0 e
L r
and
r 1
Ho = 1 , 1 - a +«/cx2 + 82
o 4(oL2 +82) da <12 + 82
0 L —
i 4(@” + B7)
44~
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Since there are only two probing signals, the coefficients of

Ql(s) and @2(8) are chosen to be cos Y and sin Y as in the first

order example.

M is as follows:

The

calculation of the parameter modulation matrix

1 o
1 ‘i’.]
4G 0 cos
1 .
0 T sin Y
J L .
-
cos ¥
40
sin ¥
L 4a
P TTvI— 1 of
r
1 1 ~Q +s/q,2+52 ¥
2 2 40 y; y; cos
4(ac + <) - a + B
0 l2 2 sin V¥
4 (a” + B )J
r { 1
cos Y + sinY  -ava2 + g2
4(a2 + 82) 4a a2 + 82
sin ¥
L 4((12 + 32)
46—




Then

cos Y cos Y
)
4o 4((12 + 82)
sin Y’ sin VY
4o 4(a2 + 82)

The maximum value of the determinant of'ﬁM'occurs when VY

Substitution of ¥ = 90° in the expression for M then yields
rO - Qa +J(12 + 82
4 (a® +B2)
M =
1l 1
fa 4m2-+8%
-
In the present example dl = 2 and do
B = 3.
Then
0 0.054061
M =
0.2500 0.02500

-47-
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-1.849 4,000
)-l

18.49 0
The testing of this second order transfer function was conducted
on the analog computer. The main purpose of the test was to
establish feasibility of testing second order transfer functions.
The probing signal was constructed by time shifting. The trans-
fer function and filters were simulated. The simulated filters
were complicated by the complex pole of the transfer function.
The probing signal also was more complicated and required more'

generation equipment.

The results of the experimentation were good, and we could mea-
sure parameter variations in S and < independently. The fol-
lowing two figures 3-18 and 3-19 illustrate the data obtained.
The parameter variations are for + 10%, + 20%, + 30%. In figure
3-18 the Sq wés varied, while.cl was held at its nominal value.

In figure 3-19, c, was held constant while c, was varied. The

trace in the middle of the figure is the optimum probing signal.

This concluded the work done on second order transfer functions.

The calculation of the estimators for do and 4. was not completed.

1
The calculation of these estimators is even more complicated. We
are, however, confident that measurement of these parameters is
within our capabilities. We conclude that second order transfer

functions can be measured using growing exponential methods.

One other point of interest indicated in both figures 3-18 and
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3-19 shows that sampling time for second order systems may not
be as critical as first order systems. Both tests clearly show
an increased amplitude along the entire functions, and this may

possibly be considered in a Go-No-Go Test Scheme.
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H(s) of output

SECTION 4

OPTIMIZATION OF FEEDBACK CONTROL

4.1 INTRODUCTION

The testing of system performance by feedback controcl has a poten-
tial possibility of providing rapid test of operation with rela-
tively small amounts of equipment, when compared to the method of

growing exponentials.

The basic concept of optimization of feedback control for system

performance testing is illustrated in Figure 4-1.

x, (t) .
Basic Concept of
Optimization
of
F(s) Feedback Control
Figure 4-1

The transfer function H(s) has a mathematical description called
the "dynamic process." The inputs or independent variables of
the dynamic process are the "control signals," ml(t), m2(t), e o
mM(t). The outputs, or dependent variables, of dynamic process

are called the response signals ql(t)’ q2(t), . e . qQ(t).

Because the response signals may not be physical variables, a
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second set of outputs is associated with the dynamic process.
These outputs are called the "state signals" Xl(t), X, (t), . ..
XN(t). State signals require a careful definition, since they

are not usually associated with frequency-domain design techniques.
For all dynamic processes described by ordinary differential equa-
tions, a finite number of variables uniquely determine the dis-
tribution of energy or state of the system. The minimal number

of signals required to define the state of the dynamic process

is equal to the order of the differential equations which describe

the system or dynamic process.

With readers who are familiar with analog computer simulations,
the outputs of the integrators used to solve a system of diffe-

rential equations are state signals.

While the mathematical model could be expanded to analyze systems
with multiple inputs and multiple outputs, the testing transfer
function, as defined in the single parameter study, is limited to
one input m(t) and one output g(t). The filtering of the output
could result in more outputs as in the growing exponential theory,

in this case there is one input and multiple outputs from filtering

stages.

A convenient format for writing the desé¢ription of the dynamic
process, or transfer function in terms of the defining state

signals is

x(t) = £ (x(t), m(t), t).

-53-




where
xl(t) ml(t)
x (t) = x2(t) Ill(t) - m2(t)
x5 () | my, ()

which equivalent to the set of first order differential equations.

k (v) = £ [x(t), m(t), t]

n = 1, 2, . . . N

The "response equation" is related to the state variables by

g(t) = g [x(t), t]

which is equivalent to the set of equations

a,(t) = g (x(t), t)
n = 1, 2, . . . Q
where
q, (t)
q(t) = .
qé(t)

In order to classify the use of this notation suppose that the

fixed number of the control system is described by the transfer

function N f 1
) o
ql(s) - n=o Sn S

mlisi N
Z a st
n
n=o
—54-




where ql(s) is the output Laplace transform of ql(t), ml(s) is
the input Laplace transform of the input ml(t) and S is the

complex frequency variable., By making dN = 1 we lose no genera-

lity.

By cross-multiplication the transform is equivalent to

N
z a_ q(n) (t) z <, (") (t)
n=1 =

in the time domain. 1In addition, a new variable xN(t) is intro-

duced so that the above equation reduces to

N
) a x ) (e))

n = ml(t)
n o)
N -1
Yoo M) )y = g (e)
n n 1
n==o

Finally the addition variables are introduced so that

x (8) = x _ (t) n = 2,3 ...N

and then the equation for ml(t) reduces to

. N
X, () = Z [-ay_.,  %¥,(8)] + m(t)
n=1
Likewise,
N
q,(t) =Z °Nen | Xg(t)
n=1 '
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An analog computer simulation of this transfer function can now

be written as

(t) .
" Z Jdt Idt It Idt ¥y (t)

Figure 4-2

Analog Computer Simulation

This simulation represents a generalized transfer function where
the c's and the coefficients in the numerator, and the d's are

the coefficients in the denominator.

The performance specifications of the system can be assumed (and
should be) written in terms of the errors between actual, and de-
sired responses as a matter of choice. Therefore, a control ml(t)

which minimizes or maximizes this criterion is desired.

—56—



»

Gl O B N GE S U N D an S I Gn N I A & aE aa

The instantaneous indications incurred in the system are calculated

in terms of some measure called a "performance measure." (Some-
times referred to as an error measure). The performance index

is the total performance incurred in the system over the present
and future time whefe the control system operates. This perfor-
mance index (error index) is found by integrating the performance

measure

T
PI = jt p(o) do

where p(0) the performance measure is
p(o) = h [q(t), m(t), t)]

In the single parameter testing problem this theory has an appli-
cation in possibly two ways. The first is to form a performance
measure which gives an indication of the change in parameter or
parameters. The second is to form a performance measure which
will give an indication of the sensitivity of the output to a
change in a parameter or parameters. Other performance measure-

ments may also be possible.

4.2 PARAMETER DEVIATION MEASURE

The performance measure for the system could be written in terms
of parameter changes by defining an additional set of state vari-

ables. One state for each parameter
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x(t)N + 1 = co = ao
x(ly v 2 = ¢ = %
x(tlon +1 = Sn-1 T “no1
— - a
x(t)ZN do N
(o +1 = 4 = %ona
x(t)yy - 3 dy = %yno1
where in(t) = 0 for N+ 1< n&<s3N-1
The performance measure could be
n=3N+1
p(t) = ) (x_(£) - a_) ¢ (t)
n=N+1

where the ¢l (o), ¢2 (o), . . . ¢n (o) are weighting factors, when

t &8 0 = T and T is some future time.

There is a great deal of information on the solution of optimal

control for this type of performance measure. The "quadratic" form,

created by squaring the difference between the measured parameter
xn(t) and the desired parameter a has been studied by many engi-
neers, and scientist. Dynamic Programming, Parametric Expansion,
and Calculus of variations are all methods applied to the solution

of this problem.18
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4.3 A SENSITIVITY MEASURE

The performance measure could also be formed by a combination of
sensitivities of the output ql(t) to the parameter considered.

As in the growing exponential case, the partial systems were probed
by an input signal and measurements made bn the output. These
partial systems are sensitivity measures. Formulating a performance
measure in terms of the sum of the sensitivities is the same as in-
vestigating the change in the first order terms of the Taylor series

when the particular systems are normalized.

The definition of sensitivity to be used is
q
a d qg(t) _ 8
g(t) da - a
The performance measure would then become

2N - 1

q(t)
2 S = p(t)

n

4.4 ILLUSTRATIVE EXAMPLE

For illustration of the possibilities of optimum feedback control,
the following example will use, as a performance measure, the sum-

mation of the sensitivities with respect to the parameters.

Let the transfer function to be tested be

H(s) = K/T . €5
S + 1/7 dls+do
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The analog simulation of this transfer function is illustrated

in Figure 4-3.

m(t) z x (t) q(t)

Figure 4-3

Analog Simulation of Transfer Function

The state equations describing this transfer function are

% (t) = -x(t) do + m(t)
t) = t) = €
al ¢, x(t) ai {-k(t) + m(t)}

The sensitivity of g with the parameters Co and do are,

E a

S = O

do C—O—Tl-(?)— {—X(t) + m(t)}

q c

s T —=2  {=&(t) + nt)}

“o s Xl(t)

The performance measure is
p(t) = s o+ s = {d—°+1} {me) - 2(0)}

‘o d “ x(t)

The performance index is therefore;
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J [S + S ]dt = I [S + S Jdt
t d c o d c
[®) O O O

where t, present time, is assumed to be zero.

This problem is a particular class of optimization problem. The
. 19

solution is of the singular form, as solved by Johnson and Gibson.

Using the Johnson and Gibson method of solution, the Hamiltonian

function is formed

H = ) p,% (i=o, 1,2 ...n)
where

p; = Lagrange multiplier function

&i = The system equation

n = Number of system equation, and
io(t) = is the performance measure
xo(’r) = performance index
xo(o) = 0

Therefore, the Hamiltonian function becomes

Py {m(e) - x(t) a))} + Cfc_, . l]{m(t_)xztf)((t)
O

The ajoint equations are

a

(@]

—— + -
..pl = oH = __pl 4 - pO [CO ]] {m(t) - X(t)}
(x(t))?

-b, = 0 .. P, = constant = 1
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and the Hamiltonian function can then be written as

H = - x(t) 4 —d+1 %(t) +m(t)p+d+l 1
oy x0) 0 <o+ 3] 3ty] o oot 3

H = I + m(t) F

The conditions for a maximum can be found by setting

I = I = I ... =0
F = F = F ... =0
where
I = Py x(t) do - do * %5 x(t)
c x(t)
o)
-+
F = P, + do Co 1
c x(t)
(o)
I = O implies

F = 0 implies
p, = _ do + o 1
cg x(t)
Therefore,
_ 1 .
x(t) = a Xx(t)
o)

The solution for the control variable can now be obtained from the

system equation
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x(t) = -x(t) do + m(t)
®(t) = -x(t) + m(t)
m(t) = +2x(t) = +2 do x(t)

The solution of the equation

xl(t) = S{(t)/do

can be determined using Laplace transforms

dO x(s) - 8 x(s) - x(o) = 0
x(s) = + x(o)
S - d4d
o
x(t) = +x(0)e Tt
therefore, m(t) = + 2x(o) dO e * do t

Thus, the optimum input signal is a growing exponential. The

testing of the transfer function is accomplished as in Figure 4-4.

IC = x(o)
m(t q(t)
'—L‘)—{T Measuring —»
Circuit
— e hm — — — — — — — — — —
— 2d_ Figure 4-4

Testing of Transfer Function

x(o) is the necessary initial condition of x(t) at t = 0, and the
feedback is positive, therefore, causing a growing exponential to

be the output and input.

Applying portions of the theory of growing exponentials the out-

-63-



HE I N TE AR N Ay e N B D S B B B B aE BE e

put can be filtered and sampled at the proper instant so that

the sample value is unity.

Let q(t) = ¢ x(-a) e T 9 (%)

- be defined for negative time,

-a < t < 0, Then the filter which matches this is
*
8 (-s) = l/qO
q S + d
o
Sampling at time t = 0 is equivalent to

4
[ ") ne) ar ~ 1

-0

where h(t) is the impulse reponse of

*
¢ (-s)

q
With the filter and sampling, a measure of the total system per-
formance will be established. If the output of the filter is

different from unity by a given percentage, the circuit could be

classified--failed.

The extension of the procedure to higher order systems is desirable

to investigate feasibility and limitations.
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SECTION 5

CONCLUSION AND RECOMMENDATIONS

1. It has been proven that the Taylor series expansion is valid
and can be used for measuring system changes.

2. In the growing exponential method, the mathematics involved
in obtaining an estimate of the parameter changes is lengthy,
and has been the biggest problem.,

3. It has been proven that measurements can be taken with noisy
parameters and noisy signals.

4. Knowledge and understanding of the basic measuring process
has been obtained.

5. Absolute measurement accuracy is a function of system com-
plexity, as illustrated by the result of the two first order
transfer functions examined.

6. For the particular problem examined, good results were obtained

using the optimum feedback control method.

RECOMMENDAT IONS

The growing exponential method needs to be expanded to higher than

second order systems,

The feedback control method needs more investigation to determine

the feasibility and limitations of the approach.

Active networks need to be investigated so that techniques will be

available in Phase III for implementation.
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